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Abstract—This paper investigates the performance of practical
physical-layer network coding (PNC) schemes for two-way relay
channels. We first consider a network consisting of two source
nodes and a single relay node, which is used to aid communication
between the two source nodes. For this scenario, we investigate
transmission over two, three or four time slots. We show that
the two time slot PNC scheme offers a higher maximum sum-
rate, but a lower sum-bit error rate (BER) than the four time
slot transmission scheme for a number of practical scenarios.
We also show that the three time slot PNC scheme offers a good
compromise between the two and four time slot transmission
schemes, and also achieves the best maximum sum-rate and/or
sum-BER in certain practical scenarios. To facilitate comparison,
we derive new closed-form expressions for the outage probability,
maximum sum-rate and sum-BER. We also consider an oppor-
tunistic relaying scheme for a network with multiple relay nodes,
where a single relay is chosen to maximize either the maximum
sum-rate or minimize the sum-BER. Our results indicate that the
opportunistic relaying scheme can significantly improve system
performance, compared to a single relay network.

Index Terms—Two-way relaying, physical-layer network cod-
ing.

I. INTRODUCTION

HE use of relay transmission has been shown to offer
significant performance benefits, including being able to
achieve spatial diversity through node cooperation [1,2] and
extending coverage without requiring large transmitter powers.
This has made them attractive options to be used in cellular,
ad-hoc networks and military communications [3]. The two
most common relaying protocols are Decode and Forward
(DF) and Amplify and Forward (AF). The AF protocol is a
simple scheme, which amplifys the signal transmitted from
the source and forwards it to the destination [4-6], and unlike
the DF protocol, no decoding at the relay is performed.
In this paper, we consider a two-way wireless system where
two source nodes, A and B, communicate with each other
through the aid of relay node(s) using an AF protocol. We first
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consider the two-way relay network with a single relay node,
and then extend our results to a network with multiple relays.
In a two-way relay transmission scheme, communication can
take place over four time slots, where source A communicates
to source B in the first two time slots with source B remaining
idle, and source B communicates to source A in the last
two time slots with source A remaining idle. We refer to
this scheme as a four time slot transmission scheme, and its
performance has been studied in Rayleigh fading environments
when taking into account various transmit signal-to-noise ratio
(SNR) variations at the source and relay [7, 8]. This has been
extended to Nakagami-m fading environments in [9], when the
transmit SNRs at the source and relay are the same, and in
[10] when the two transmit SNRs are different. One problem
with this transmission scheme is the relatively low maximum
sum-rate, as a consequence of transmission over four time
slots [11,12].

The two source nodes can also communicate over two
time slots, where in the first time slot, source A and B
simultaneously transmit to the relay, while in the second time
slot, the relay amplifies and forwards the received signals to
both sources. Such a scheme is referred to as a two time slot
physical-layer network coding (PNC) scheme and has been
shown to achieve higher maximum sum-rates than the four
time slot transmission scheme, due to less time slots being
used for transmission [11, 12]. In contrast to the four time slot
transmission scheme, there are limited analytical results for
the two time slot PNC scheme. In [13, 14], the two time slot
PNC scheme was proposed using an AF protocol for single
antennas at the relay, and in [15] where multiple antennas were
used at the relay for linear processing. However, in the above
papers, no analytical results were derived for the maximum
sum-rate or sum-bit error rate (BER), ie. the sum of the BER
at source A and B. In [16], the two time slot PNC scheme was
considered using the Denoise-aNd-Forward (DNF) protocol,
however, the AF protocol was not considered and analytical
results were limited to the BER using BPSK modulation only.
In [11], analytical expressions were derived for the maximum
sum-rate using the AF protocol, but was shown to be accurate
only for small relay, or large total transmit powers. In addition,
the outage probability was not considered, and analytical BER
expressions were not derived. Further, comparison of the sum-
BER between the two time slot PNC and four time slot
transmission scheme was not considered.
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Finally, the two source nodes can communicate over three
time slots, which we refer to as a three time slot PNC scheme.
In this transmission scheme, source A and B transmit to the
relay over the first and second time slot, respectively. In the
third time slot, the relay transmits a function of the received
signals to source A and B. As with the two time slot PNC
scheme, there are limited analytical results for the three time
slot PNC scheme using the AF protocol. In [17, 18], the three
time slot PNC scheme was proposed using the DF protocol,
however the AF protocol was not considered. In [14], a three
time slot PNC scheme was considered using the DF protocol,
while in [13], the AF protocol was considered. However, the
above papers utilizing the AF protocol considered a three time
slot PNC scheme where the relay transmits a sum of the
received signals to the source nodes. In contrast, we propose
a scheme where each received signal from source A and B is
weighted by a power allocation number at the relay, such that
a particular performance measure is optimized. We consider
using the power allocation numbers to either maximize the
maximum sum-rate or minimize the sum-BER.

In this paper, we conduct new performance analysis on the
two and three time slot PNC, and four time slot transmission
schemes, which allow us to obtain important insights into
these schemes. In particular, we first derive exact closed-form
expressions for the outage probability. These will be used to
derive new closed-form expressions for the sum-BER, and a
tight upper bound for the maximum sum-rate. By applying
these results, we show that the two time slot PNC scheme has
a higher maximum sum-rate than the four time slot scheme
for a number of practical scenarios, including when the source
nodes transmit at high SNR. Furthermore, we also show that
the sum-BER of the four time slot is lower than the two time
slot PNC scheme for a number of practical scenarios. This
suggests a positive tradeoff between the two and four time
slot transmission scheme, in either optimizing the maximum
sum-rate or the sum-BER.

We then show that the performance of the three time slot
PNC scheme has a performance which lies between the two
and four time slot transmission scheme for various scenarios,
and as such offers a good compromise between the two
schemes. In addition, for a number of practical scenarios, we
show that the three time slot PNC scheme can offer a better
performance than both the two and four time slot transmission
schemes. We show that this holds in particular when the
transmit powers from source A and B are different, as the
three time slot PNC scheme will allocate more power at the
relay to the received signal from the source with the larger
transmit power. This is in contrast to the two and four time
slot scheme, which weights the received signals from the two
sources equally, and thus cannot exploit the asymmetries in
the source powers to improve performance.

Finally, we extend the two, three and four time slot schemes
to incorporate multiple relays. Specifically, we consider an
opportunistic relay scheme, where one relay is chosen such
that either the maximum sum-rate is maximized, or the sum-
BER is minimized. We derive new sum-BER and maximum
sum-rate scaling laws expressions for the two and four time
slot transmission schemes. We also compare the three trans-
mission schemes, and show that a substantial performance
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Fig. 1. Block diagram of the two, three and four time slot schemes.

improvement can be obtained by the use of the opportunistic
relay scheme.

The rest of the paper is organized as follows. We first
describe the two, three and four time slot schemes in Section
II. We then derive new closed-form expressions for the outage
probability, maximum sum-rate and sum-BER in Section III.
Using these expressions, we compare the three transmission
schemes in Section IV. Next, we analyze the opportunistic
relaying scheme for the two, three and four time slot schemes
in Section V. We finish off with a conclusion in Section VI.

II. SYSTEM MODEL

Consider a wireless two-way network where two source
nodes, A and B, communicate with each other through a
single relay node using an AF protocol. In particular, source
A and B transmit, respectively, data symbols x4 and xzp
with power P4 and Ppg. In addition, the Rayleigh channel
between source A and the relay, and source B and the relay
are denoted by h ~ CN(0,1) and g ~ CAN(0, 1) respectively,
while the additive white Gaussian noise (AWGN) at source
A, source B and the relay are denoted by n4 ~ CN (0, O'El),
np ~ CN(0,0%) and n, ~ CN(0,02) respectively.

The received signal(s) at the relay from source A and B
are multiplied by a gain G. The gain is chosen with the aid
of the instantaneous channel state information (CSI), h and g,
and the noise statistics, such that the instantaneous transmit
power at the relay is constrained. We will refer to this gain as
the channel-noise-assisted AF (CNA-AF) gain. At high SNR,
the noise becomes negligible, and the gain only relies on the
instantaneous CSI. We will refer to this gain as the channel-
assisted (CA-AF) gain. The signal is then further multiplied
by power P,, and then forwarded to the source nodes. For
convenience, we denote ¥4 = %, B = 5—‘3, Vr,A = :—?: and

— o Pr‘
Yr,B = o2 "

We coﬁgsider three transmission schemes, which differ in the
number of time slots used for the source nodes to communicate
with each other through the relay node, as shown in Fig. 1. In
particular, we consider total transmission over either two, three
or four time slots. We analyze the performance of these three
transmissions schemes in the next two sections, demonstrating
that each may outperform the other, depending on different
system parameters.
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We assume that the channel and noise are constant during
these time slots, and that the channels associated with each
source are known at that source, ie. h is known at source A
and g is known at source B. Further, we also assume that
G+/P. is known at both source nodes. We start by describing
the two, three and four time slot transmission schemes.

A. Two Time Slot PNC Scheme

In the first transmission scheme, source A and B commu-
nicate with each other over two time slots. In the first time
slot, the two source nodes simultaneously transmit to the relay
node. In the second time slot, the relay node amplifies and
forwards the received signals to the two source nodes. The
received signal in the first time slot at the relay node can be
written as

r=+/Pahxs+/ Ppgrp +n, . (D)

The received signals in the second time slot at source A and
B are given, respectively, by

YA = G\/Frhr +ny = G\/E\/PBhng
+ G\/P.\/Pahha s + G\/Pehn. +na  (2)

and

yp = G\/Prgr + ng = G\/P.VPagha s
+ G\/PT\/ﬁngxB + G\ Prgn.+npg. 3)

Since each source node knows its transmitted signal, it then
cancels the self interference term, from which the resulting
signals at source A and B can be written as

ya = G\ P\/Pghgrp + G\/P.hn, +ny ()
and
Y = G\/PNPaghza + G/ Prgn, +np . (5)

We can thus write the output SNRs at source A and B
respectively as

_ /?T,A/?B|g|2|h‘2 d
VA2TS = =75, 1 an
Vr.alhl? + G252
= ,B_A h 2 2
VB,2TS = JrpYalhllgl” . (6)

’?’I‘,B|g|2 + G%;z
The gain is given by
1
G =
V/Palh? + PplgP? + ¢o?

where ¢ = 1 corresponds to the CNA-AF gain, and ( = 0
corresponds to the CA-AF gain. Note that the two gains
converge at high 44 or 4p. The resultant output SNRs at
source A and B are obtained by substituting (7) into (6), and
are given respectively by

@)

YAy = ’7T7A/?B‘g‘2|h‘2 (8)
’ (r.a +74)|h[2 +7Bl91* + ¢
and
= =~ h2 2
Yr,874lR[" 9] )

YB,2TS = 7= - - .
(Y, +78)191* +7alh* + ¢

B. Three Time Slot PNC Scheme

In the second transmission scheme, we consider the use of
three time slots for communication between source A and B.
In the first time slot, source A transmits to the relay node. In
the second time slot, source B transmits to the relay node.
In the third time slot, the relay node processes the received
signals, and amplifies and forwards the processed signal to the
two source nodes. The received signals in the first and second
time slots at the relay can be written, respectively, as

r4a =+/Pahxa+n., and rp =/ Ppgrp + n.o
where n,; and n,o are independent and identically distributed
AWGN, with distribution given by ~ CA (0, c2). The received
signals in the third time slot at source A and B are given
respectively by

ya =/ PGh(apra+aarg) +na
= G/ P/ Paaphhz s + G/ P.aghn,

+ G\/ITT\/PBaAhg:l:B + G\/P_)rOéAhﬂTQ +1ng

(10)

(1)

and
yp = /PGy (apra+aarg) +ng
= G\/]TT\/PAathxA + G\/]Trozggnrl
+ G/ P/ Ppaaggrp + G\/Praagn.s +np

where a4 and ap are power allocation numbers such that
o’ + a%4 = 1. The power allocation numbers are chosen
to optimize certain performance measures described in the
next section. As we will show in the following sections,
the power allocation number can make a significant positive
impact on the overall system performance. This is particularly
the case when the transmit powers from source A and B are
different, as in this scenario, the overall system performance is
increased if the received signal with the larger transmit power
is weighted more, as opposed to equal power allocation in the
two and four time slot schemes.

Each source node then cancels the self interference term,
where we assume each source node has knowledge of a4
and ap. We note that the power allocation at the relay, and
obtaining the knowledge of a4 and ap at the source nodes
results in a slight complexity increase in the system. The
resulting signals at source A and B are given, respectively,

by
vy = G\/Pon/Ppaahgrp

+ G P.h(agn.g +aangs) +na

12)

(13)
and
Y = G\/Prr/Paapghza
+ G\/Frg(aBnrl + aany2) +np .

The output SNRs at source A and B can be written,
respectively, as

(14)

g = TaTp0A gl

’ Yr,alh|? + ﬁ

o Y8740 g|?|h|?
VYB,3TS = — 2 1

Vr.Bl91* + G5z

(15)
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The gain is given by

1
a%Palh|? + &% Pglg|? + 02¢
where ¢ = 1 corresponds to the CNA-AF gain, and ( = 0
corresponds to the CA-AF gain. Note that the two gains
converge at high 74 or 4p. The output SNRs at source A

and B are given by substituting (16) into (15), and are given
respectively by

G? =

(16)

VraYB0% || g]*

YA,3TS = 7= — — 17
(Fr.a +apya)|h? + a3 3Blgl? + ¢
and
N = 2 2 2
Yr,BYACE|g]" [N
YB,3TS = 7= — — . (18)
(9.8 + a%78)|91? + ayalhl? +¢

C. Four Time Slot Transmission

In the third transmission scheme, source A and B commu-
nicate with each other over four time slots. In the first time
slot, source A transmits to the relay node. In the second time
slot, the relay node amplifies and forwards the received signal
to source B. In the third time slot, source B transmits to the
relay node. In the fourth time slot, the relay node amplifies and
forwards the received signal to source A. For fair comparison,
we use the same total source and relay powers in the two,
three and four time slot transmission schemes. Thus for the
four time slot transmission scheme, the relays transmit with
power % during the second and fourth time slot. The received
signals in the first and third time slots at the relay are given in
(10). The received signals in the second and fourth time slots
at source A and B are given, respectively, by

[P. | Pr
ya = 7~/PBGBhng+ 7GBlmn—Hm (19)

[P, [P,
ys =\ 5V PAGaghxa + 7GAgnr2 +np. (20)

The output SNRs at source A and B can be written, respec-
tively, as

VAATS = —_%’A%;)"h‘z‘gg‘z and
Vr.albl? + 52
Ve BV R|%|g|?
YBATS = ﬁ : (21
The gains are given by
G124 = m and GzB = m (22)

where ¢ = 1 corresponds to the CNA-AF gain, and ( = 0
corresponds to the CA-AF gain. Note that the two gains
converge at high 74 or 5. The output SNRs at source A and
B are obtained by substituting (22) into (21) and are given
respectively by

Yr,a781hI% 9]
Vr.alhl? +278lg]? +2¢

YA LTS = (23)

and
ﬁr,B§A|h‘2|g|2

Yr,Bl91? +274|R)2 +2¢

Note that for the two, three and four time slot transmission
schemes, we can incorporate different relay positions by
appropriately scaling the average transmit SNR at the sources
and relay. Specifically, if d4 is the distance between source
A and the relay, and dp the distance between source B and
the relay, then the average transmit SNRs, which takes into
account the relay positions, can be written as
’_YT_,A,—Y* :,-VT,B '_Y*::Y_A r?*::)/_B
as, B ey A a0 P dg
where 7 = 2,3 or 4 and § is the path loss exponent.

In the next section, we derive new outage probability,
sum-BER and maximum sum-rate expressions for the three
transmission schemes. These expressions will be used to
analyze the relative performance and obtain key insights for
the three transmission schemes.

YBATS = (24)

TrA = (25)

III. PERFORMANCE ANALYSIS
A. Received SNR

To facilitate the analysis of the different schemes, we first
make some preliminary observations on the received SNR
at source A and source B. For the two and three time slot
PNC schemes, we see in (8), (9), (17) and (18) that the
received SNRs at source A and B are dependent on both
Y4 and vp. Further, whilst increasing y4 will increase the
received SNR at source A, it will also decrease the received
SNR at source B. The same effect can be observed when
increasing yp. It is thus not clear whether the overall system
performance, ie. the combined performance at source A and
B, is improved for varying 74 when g is held constant, or
varying yp when 74 is held constant. This will be explored
analytically in this section, and through numerical analysis
in the following section. In contrast to the PNC schemes,
we see in (23) and (24) that the four time slot transmission
scheme results in a received SNR at source A and B that is
independent, respectively, of 74 and 7p. This is directly due
to transmission of the data from source A and B at different
time slots. Thus increasing 74 or g will always result in a
better overall system performance.

We now consider the case when ¥ = 44 = p. For the two
and four time slot transmission scheme, we see in (8), (9), (23)
and (24) that this will result in source A and B having the
same average performance. Further, at high source and relay
powers (when ¢ = 0), note that the relative performance of the
two and four time slot schemes is dependent on the transmit
power at the relay. When %, 4 = 7, B = 7, we see in (8), (9),
(23) and (24) that the two and four time slot schemes have
the same average received SNR. However, this is not the case
when ¥, 4 # 7 and 7, g # 7. In this scenario, it is not clear
whether the two or four time slot scheme performs better. This
will be discussed in this section. In contrast to the two and
four time slot schemes, we see in (17) and (18) that the the
three time slot PNC scheme results in a received SNR that is
not the same at source A and B. Rather the performance is
then dependent on the power allocation numbers a4 and ap.
We will also explore the impact of this later in this section.
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B. Outage Probability

We first derive new outage probability expressions for the
three transmission schemes. These will be used to derive sum-
BER and maximum sum-rate expressions later in this section.
The outage probability for the received SNR is an important
quality of service measure defined as the probability that
the received SNR drops below an acceptable SNR threshold
Ytnh- We denote the outage probability of the received SNR
at source ¢ for the 7 time slot transmission scheme as
F’Yg,rTs (Vth)'

1) Exact: We first present a new exact closed-form outage
probability expression for the three transmission schemes.
Note that the outage probability for the four time slot trans-
mission scheme has been derived in [9]. However we present
the results here for completeness.

Theorem 1: The outage probability at source A and B for
the two, three and four time slot transmission schemes are
given by substituting (26), (27) and (28) at the top of the next
page into

2/t (Wb, r1s@0,71s + Bo,r1sC)
BQ,TTS
7m](¢9gTS+BQYTTS) Kl (2\/’Yth (’Yth@g,TTS(bg,TTS + BQ,TTSC)

e 0,7 TS
ﬁQ,TTS

F'YQ,TTS ('Yth) =1-

(29)

where 74 315 = +a2 . YB3TS = o2 f > and K7(-) is the
modified Bessel function of the second kind [19, Eq. (9.6.2)].
Further, o = Aor B, 7 = 2,3 or 4 and ( = 1 for the CNA-AF
gain and ¢ = 0 for the CA-AF gain.
Proof: See Appendix A. [ |

Note that Theorem I presents the outage probability for the
received SNR. It is also of interest to consider the maximum
rate. If the instantaneous maximum rates at source A and B
for the 7 time slot scheme are given respectively by
and

1
Rarrs = - logy (1 4+ v4,71s)

1
Rpr1s = ~ logy (1 4+79B,r18) » (30)

then the outage probability for the maximum rate for the T time
slot transmission scheme at source o, defined as the probability
that the maximum rate drops below a threshold Ry, can be
shown from (30) to be given by

Fr, ws(R) =Fy, o (2727 = 1) . 31)

2) Lower Bound: We now present a new outage probability
lower bound expression. This will be useful in deriving
accurate maximum sum-rate expressions later in this section.

Lemma 1: The outage probability at source A and B for
the two, three and four time slot transmission schemes, for
both the CNA-AF and CA-AF gains, can be lower bounded
by substituting (26), (27) and (28) into

’Ych(99,rTs+¢>9,rTs)
Bo,rTs

F’YQ,TTS (’Yth) Z F’Ylg],)TTS (’Vth) =1—ce€

(32)

where o = A or B and 7 = 2,3 or 4.
Proof: See Appendix B. [ |

3) High SNR, Low Outage: We now present new asymp-
totic outage probability expressions at high SNR, or low
outage probabilities, for the two, three and four time slot
transmission schemes. This will be useful in analyzing the
sum-BER at high SNR later in this section.

Lemma 2: The asymptotic outage probability at source A
and B for the two, three and four time slot transmission
schemes, for both the CNA-AF and CA-AF gains, are obtained
by substituting (26), (27) and (28) into

0
( o0, 7TS + (ZSQ,TTS),-Yth Yo (,_Ytgh)
ﬁQ,TTS

where p = A or B and 7 = 2,3 or 4.
Proof: We first note that the outage probability can be
written in the general form

T 0 T T h2 2
Pr (9 Bo,r1s 0,7 18P0, r1s ||| ; S%h)

Q7TTS¢Q7TTS 9Q,TTS|g|2 + (ZSQ,TTS‘h
— Pr ( 9Q,TTS¢Q7TTS‘h|2|g|2 < Vth(eg,TTSQbQJTS))
00,r1s19]* + do,rrs|h[* Bo.rrs

Fyy rs(in) = (33)

(34)

We proceed by using the asymptotic outage probability result
derived in [20], followed by some algebraic manipulation.
Note that this also corresponds to the asymptotic outage prob-
ability, which can be derived by using the outage probability
lower bound in (32). [ |

C. Sum-Bit Error Rate

We now derive new expressions for the sum-BER, which
is defined as the sum of the BER at source A and B. We
denote the sum-BER for the 7 time slot transmission scheme
as Py r1s. In order to derive expressions for the sum-BER, let
us first consider the sum-symbol error rate (SER), defined as
the sum of the SER at source A and B, and given by

P s =E {GQ (\/ QZWA,TTS” +E {aQ (\/ Qb'YB,TTS):|
(35)

where Q(+) izs the Gaussian-Q function defined as Q(z) =

\/%7 fw ‘=dy and a and b are modulation specific con-
stants. Such modulation formats include BPSK (¢ = 1,b = 1),
BFSK with orthogonal signalling (¢ = 1,0 = 0.5) or mini-

mum correlation (¢ = 1,b = 0.715) and M-ary PAM (a =

2(M —1)/M,b=3/(M?—1) | [21
provide the sum-BER to other modulation formats for which
(35) can be shown to be a tight upper bound, e.g. M-PSK

(a = 2,b = sin®(x/M)) and M-QAM (a —4 (1 - 1/\/M),

b=3/2(M - 1)) [21]. Note that the upper bound in (35) for

M-PSK and M-QAM is asymptotically tight at high SNR. To
derive expressions for the sum-BER as a function of the SNR
per bit when using M-ary signalling, we use the common
approximation [21,22]

]. Our new results also

Ps TS —b ’?Q
Py r1rs ~ - ) = )
bres 10%2(]\{) Te log,y (M) B
~b Vr,e ~b Yo, 7TS
= — d = — 36
,-Y’I‘,Q 10g2(M) an rYg;rTS Ing(M) ( )
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Ba2rs = Yr,a¥Bs 0a2TS = VrA + YA, Ga2rs =B Source A
BB,2Ts = Vr,BYA, 0B2TS = Vr.B + 7B, ®B2TS =74 Source B, (26)
- 2 . 2 - 2 -
BA3TS = Vr,AVB,3TSOA, 043TS = YA + OBYA3TS, PA3TS = AAVB3TS Source A
. 2 - 2 - 2 -
BB,31s = Yr,BVA318OB, OB 31s = r.B +Q4YB,3TS; @B,3TS = ABYVA3TS Source B (27)
Baars = Y¥r,aAVYB, 044TS = Yr,A, PAaTS = 27B Source A
BB.ats = Vr,BYA, UBaTS = Vr.B, OB.aTS =274 Source B (28)
_ _ ~b ~b /ob b
where p = A or B,. T=2,3 0r4 and 7, , and 7, g denotes 9%7TTS + ¢%,TTS 24/0% r1s9B s
the average transmit SNR per bit at the relay and two sources K1,B = ,é’b— +b— 3D )
respectively. B,mTS B,7TS
- - /ob b
F.or the three time slot PNC scheme, we con51d§r tyvo 0%7TTS + ¢%,TTS 24/0% +1s9B s
choices for the power allocation numbers when considering ko= ———p———— +b+ > (39)
/BB,TTS /BB,TTS

the sum-BER. The first choice involves choosing the allocation
numbers such that the average sum-BER in (36) is minimized,
ie. the sum-BER averaged over the fading channels i and g.
In this paper, we use the term sum-BER and average sum-
BER interchangeably, unless explicitly stated. In this respect,
we can use the expressions we derive in this subsection to
numerically calculate the optimal power allocation numbers.
The second choice involves choosing the allocation numbers
such that the instantaneous sum-BER is minimized, ie. the
sum-BER taking into account the instantaneous channel i and
g. Although it is difficult to derive closed form expressions
for the instantaneous sum-BER, we numerically investigate
its performance using Monte Carlo simulations in the next
section.

1) Arbitrary SNR: We first present new approximate sum-
BER expressions for the three transmission schemes at arbi-
trary SNR values.

Lemma 3: The sum-BER at source A and B for the two,
three and four time slot transmission schemes, for both the
CNA-AF and CA-AF gains, can be approximated by substi-
tuting (26), (27) and (28) into

P a 3aVbym [ (koA — K1,4)?
b,rTS =~ - E
logy (M) 161logy(M) K‘,iA
_ 2
217 i §;2; 1.4 e 5 f1.5) 2 i §;2; S
22 K2, A Hé 22 K2,B
2,B
(37
where oF} (+,+;+;+) is is the Gauss hypergeometric function
[19, Eq. (9.6.2)],
0% +1s + % rrs 21/0% 1A rrs
RiA=—— - )
BE\J‘TS BE\J‘TS
05 rs + A%, 24/ 92,TTS¢Z,TTS
”27A:M+b+ - . (38)
/BAJ'TS /BAJ'TS

and 7 = 2,3 or 4. Further, 0> 1, 87 ;1 and ¢ ;g are ob-
tained by substituting 5, = 7, logy (M), ¥y, = 7, , 10go (M),
and Jp,r1s = Vg 1g 1082 (M) into 0, -1, Bo.r1s and ¢, r1s
respectively in (26), (27) and (28) where o = A or B.

Proof: We begin by rewriting the sum-BER expression
given in (35) directly in terms of outage probability at source
A and B, using integration by parts, as follows

a\/g o] efbu
P s = o)y (Fya s () + Fypy g () du

(40)

where 7 = 2,3, 4. We then proceed by substituting (29) with
¢ = 0 into (40), and solving the resultant integral using [19,
Eq. (6.621.3)]. Finally, by applying the approximations in (36),
we obtain the desired result. ]
Note that the proof of the sum-BER involved the use of
the CA-AF gain only, which we consider for mathematical
tractability. However, we note that the CA-AF gain provides
a tight upper bound for the CNA-AF gain, with the bound
tightening for increasing SNR.

2) High SNR: To gain insights, we consider the sum-BER
at high SNR. Note that in the high SNR regime, the perfor-
mance using the CNA-AF gain approaches the performance
using the CA-AF gain.

Lemma 4: The sum-BER at high SNR for the two, three
and four time slot transmission schemes, for both the CNA-
AF and CA-AF gains, can be approximated by substituting
(26), (27) and (28) into

b b
a <9A,TTS + ®A,r1s

o0
Pyrrs = +

4blog, (M)

b
ﬁB,TTS

b b
0B, -1s + 95,18
ﬁb
A,7TS

(41)

where 7 = 2,3 or 4.
Proof: The result follows by using a general SISO BER
result from [23] combined with Lemma 2. |



770 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 9, NO. 2, FEBRUARY 2010

Note it can be shown that, for a fixed 7, = 4.4 = ¥, B,
the diversity order of the three transmission schemes is one.

Corollary 1: For equal noise variances, ie. 0% = 0%, and
at high SNR, the difference between the sum-BER of the two
time slot PNC and the four time slot transmission scheme is
given by

poo poe 1 < as a4 )
5,2TS bATS ™ by logg(Mg) by logg(M4)

x<%+%>+i(7a; <V—A+Y—f+2>
B 7a 4% \ by log; (M3) 'YB YA
_ 4*) 42)
b4 10g2 (M4)
where ¥, = Y, 4 = Yr,B-

Proof: The proof follows by substituting (26) and (28),
with 04 = 0%, into (41) for the two and four time slot trans-
mission scheme respectively, and evaluating the difference. B

Corollary 1 allows us to obtain key insights into the
relative performance of the two and four time slot transmission
schemes in various practical scenarios. We see that when
source A and B use the same power, i.e. 7° = Ryfﬁ‘ = ﬁbB,
the expression in (42) reduces to

0o oo 1 1 a2 a4
P, — P, ==+ = - .
PSS <“_Yr 275) <bz log3(Mz2) b 10g§(M4)>
43)

We see in (43) that when the source powers are the same,
the dominating factor in the relative performance of the two
schemes is the modulation format. When the modulation is the
same for the two and four time slot schemes, the sum-BER
for both schemes at high SNRs are identical. However, this
will not be a proper comparison as the spectral efficiency of
the two schemes are different. This will be explored in the
following example:

Example: To maintain the same spectral efficiency, we
consider the use of 4-QAM modulation for the two time slot
PNC scheme and 16-QAM for the four time slot transmission
scheme. This corresponds to as = 2,by = %,Mg = 4 and
agy = 3, by = 10,M4 = 16 for 4-QAM and 16-QAM
respectively. Substituting these parameters into (42), we have

- 7/(1 1
~fims = (5 )

1 boo13
+ — (7A+7—f——> . (44
% \p  Ta 2

We see in (44) that a sufficient condition that the four time slot
scheme performs better than the two time slot scheme is when
the transmit SNRs at the source are far apart, ie. "yﬁx >> ’_yjbg or
4% >> 7% This can occur, for example, when the source A to
relay distance is greater than the source B to relay distance, or
vice versa. One explanation for this is because, as discussed in
Section III-A, the received SNRs at both source A and B for
the two time slot PNC scheme are sensitive to both Wﬁ‘ and *_be.
Clearly, we see that the disparity between 7% and 4% results in
an overall negative performance for the two time slot scheme
compared to the four time slot scheme. When 74 is very close
to f‘y%, we see that the two time slot PNC scheme performs
better than the four time slot transmission scheme. As shown

oo
Pyars

in (43), this is due to the different modulation formats used
for the two schemes, resulting in 5 log ( Mz) < 1o§§( AR

Corollary 2: For the three time slot PNC scheme, the power
allocation numbers which minimizes the sum-BER at high
SNR are given by

A8 (¥r.B+7B)

2 Yr,B
ay = and
A8(¥r.B+7B) + 74 (r,a+74)
Yr,B Yr, A
34 (Yr.a+74)
Yr, A
ad = 45)
B —— —
8 (Yr,B+7B) + YA (Yr,a+74)
Yr,B Fr, A

Proof: This is given by substituting (27) into (41), and
taking the derivative w.r.t. ap. |
We see in (45) that if ¥4 = 4B and %, 4 = 7, B, then
equal power allocation is optimal. We also see that ap and
a4 monotonically increases with P4 and Pp respectively.
Thus for a fixed total source power, ie. ¥4 + 75, more relay
power will be allocated to the signal received from the source
with the largest transmit power. Note that the optimal power
allocation given in (45) is not the optimal power allocation
which minimizes the instantaneous sum-BER. However, as we
will see in the next section, the insights we gain from (45) still
hold when we minimize the instantaneous sum-BER.

D. Maximum Sum-Rate

We now present results for the maximum sum-rate, which
is defined as the sum of the maximum rate at source A and
B. We denote the maximum sum-rate for the 7 time slot
transmission scheme as R,rtg, and is given by

1
— (B oo [l0gz (1 4+ 7)] + Eop o [logy (147)])

(46)

RTTS =

where 7 = 2,3 or 4.

For the three time slot PNC scheme, we consider two
choices for the power allocation numbers when considering
the maximum sum-rate. The first choice involves choosing
the allocation numbers such that the average maximum sum-
rate in (46) is maximized, ie. the maximum sum-rate averaged
over the fading channels h and g¢. In this paper, we use
the term maximum sum-rate and average maximum sum-rate
interchangeably, unless explicitly stated. In this respect, we
can use the expressions we derive in this subsection to nu-
merically calculate the optimal power allocation numbers. The
second choice involves choosing the allocation numbers such
that the instantaneous maximum sum-rate iS maximized, ie.
the maximum sum-rate taking into account the instantaneous
channel h and g. Although it is difficult to derive closed form
maximum sum-rate expressions for this case, we numerically
investigate its performance using Monte Carlo simulations in
the next section.

Unfortunately, finding exact expressions for the maximum
sum-rate in (46) using the exact distribution in (29) is difficult,
hence we focus on deriving an upper bound, presented in
the following lemma, which we show to be tight in the next
section.
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Lemma 5: The maximum sum-rate for the two, three and
four time slot transmission schemes, for both the CNA-AF
and CA-AF gains, can be upper bounded by substituting (26),
(27) and (28) into

lo e 94, 7rTst%A,7TS 9A TS + A +TS
RE‘%S _ g2( ) e BA,~TS El 5T ¢ 5T
/BA,TTS
9B, rTst¢B,rTS
ve e g (M))
BB,TTS

(47)

where F1(-) is the exponential integral [19, Eq. (5.1.1)].
Proof: The proof follows by using the outage probability
upper bound in (32) with (46), and applying the integral
identity in [24]. [ |
Corollary 3: Athigh SNR, the difference between the max-
imum sum-rate of the two and the four time slot transmission
scheme is given by

Rgingle,21s — Rsingle,aTs = logy(e) (21n(7) (48)
(wr|h|? + wBlg*)wrwrlg|?|h|*
((wr +wa)[h)? +wplg[?)®
(wrlgl® +walh|*)wrwalh[?|g|?
(wr +wp)lgl? +walh|?)®

+ logs(e) | In

where ¥ = Y4 + 9B + Jr, 4 = waY, VB = WBY, Vr = WY
and the expectation is taken with respect to (w.r.t.) h and g.
Proof: The proof follows by substituting (8), (9), (23) and
(24) into (46), and taking the difference between the maximum
sum-rate of the two and four time slot transmission schemes.
|
It can be shown from (48) that for sufficiently large total
source and relay powers 7, the two time slot PNC scheme
performs better than the four time slot transmission scheme.
In contrast to the sum-BER results, the two time slot scheme
always performs better than the four time slot scheme, ir-
respective of the particular source power combination. This
is due to the fact that the number of time slots used for
transmission is the dominating factor in the maximum sum-
rate at high SNR.

In this section, we presented new expressions for the
sum-BER and maximum sum-rate. By using these analytical
expressions, we showed that the two and four time slot trans-
mission schemes may outperform each other, depending on
different system parameters. Clearly, depending on whether we
are considering the maximum sum-rate or the sum-BER, and
on the particular transmit powers at the sources and relay, the
choice of the optimal transmission scheme is different. In the
next section, we further investigate the relative performance of
these two transmission schemes, and also show that the three
time slot PNC scheme offers a good compromise between
the two and four time slot transmission schemes, and may
outperform the two in some scenarios.

IV. NUMERICAL ANALYSIS FOR SINGLE RELAY
NETWORKS

In this section, we compare the sum-BER and maximum
sum-rate of the two, three and time slot transmission schemes.
We investigate two scenarios based on various source powers

and relay positions. For the sum-BER curves, to maintain the
same spectral efficiency, we use QPSK, 8-PSK and 16-QAM
for the two, three and four time slot transmission schemes
respectively. Further, the sum-BER curves are plotted for the
two and four time slot schemes using the analytical curves
only, and not Monte Carlo simulations. This is to allow the
different schemes to be clearly shown without confusion.
Note that for the three time slot PNC scheme, the allocation
numbers used to maximize the maximum sum-rate may not
necessarily correspond to the same allocation numbers used
to minimize the sum-BER, and vice-versa. In this section,
we will thus also analyze the performance of the maximum
sum-rate using the allocation numbers used to minimize the
sum-BER, and the performance of the sum-BER using the
allocation numbers used to maximize the maximum sum-rate.

A. Variable Source Powers

We first compare the maximum sum-rate and sum-BER
performance of the three transmission schemes for varying
source power combinations. To enable comparison of the three
transmission schemes for variable source powers, we fix the
total power at the two sources, denoted by ¥ = ¥4 + 75.

Fig. 2 shows a plot of the sum-BER vs. ¥4 of the three
transmission schemes for varying source power combinations.
The analytical curves for the three transmission schemes are
based on (37). For the three time slot PNC scheme, we choose
the power allocation numbers such that the instantaneous sum-
BER is minimized for the *3TS - Monte Carlo, Instantaneous’
curves, the maximum sum-rate is maximized for the ‘3TS -
Monte Carlo, Max. Sum-Rate’ curves and the average sum-
BER in (37) is minimized for the ‘3TS - Analytical’ curves.
We see that at moderate to high SNR, the three time slot
PNC schemes performs better than the two and four time
slot transmission schemes when vp = 1.57 4. In addition, the
two time slot PNC scheme performs the worst at moderate
to high SNR, as predicted by our analysis in Section III. We
see that for the case v = 0.5%4, the ’3TS - Monte Carlo,
Instantaneous’ performs the best at high SNR, followed by the
four time slot transmission scheme. Again, we see that the two
time slot PNC scheme performs the worst at moderate to high
SNR. We note that we have discussed the case when ¥4 = 4p
in the previous section, and do not present numerical results
for this case as it does not lead to any new insights.

Fig. 3 shows a plot of the optimal power allocation numbers,
used in Fig. 2, vs. g4, using the three time slot PNC scheme
for varying source power combinations. We see that the three
curves diverge as the SNR goes larger. However, we note
that they all follow the same trend, ie. either increasing
or decreasing with SNR, for the particular source power
combination. As predicted by our analytical analysis in Section
III, we see that at high SNR, the source with the larger transmit
power will be weighted more at the relay than the source
with the smaller transmit power. This highlights the fact that
the three time slot PNC scheme is particularly effective when
the transmit powers at source A and B are different. This
is in contrast to the two and four time slot schemes, which
weighs the received signals from source A and B equally, and
thus cannot exploit the asymmetries in the source powers to
improve performance.
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Figs. 4 and 5 show a plot of the maximum sum-rate vs. Y4
of the three transmission schemes for varying source power
combinations. The analytical upper bound curves are from
(47). Note that although for the two time slot scheme, the
bound is not as tight as the other schemes, we observe that
our analytical curves follow the same trends as the Monte
Carlo simulated curves. This is also the case for all maximum
sum-rate curves in this paper. For the three time slot PNC
scheme, we choose the power allocation numbers such that
the instantaneous maximum sum-rate is maximized for the
Monte Carlo curves, the sum-BER is minimized for the ‘3TS
- Monte Carlo, Sum-BER’ curves and the average maximum
sum-rate in (47) is maximized for the analytical curves. We see
that for the three time slot PNC schemes, the instantaneous
maximum sum-rate always performs better than the ‘3TS -
Monte Carlo, Sum-BER’ and ‘3TS - Monte Carlo, Sum-BER’
sum-rate curves, as expected. We see that the maximum sum-
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Fig. 4. Maximum sum-rate of the two, three and four time slot schemes

with 5 = 0.554 and 5 = 0.894.
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Fig. 5. Maximum sum-rate of the two, three and four time slot schemes

with 4 = 1.574 and 4 = 0.874.

rate of the two time slot PNC scheme performs better than the
four time slot transmission scheme not only for high SNR, as
predicted by our analytical results in Section III, but also for
low SNR. We also see that the maximum sum-rate of the
three time slot PNC scheme performs between the two and
four time slot transmissions schemes. Finally, we observe that
the curves in Fig. 4 are always higher than the corresponding
curves in Fig. 5, due to a higher transmission power at source
B in Fig. 5 than at source B in Fig. 4.

B. Variable Relay Positions

We now compare the three transmission schemes for vari-
able relay positions. As explained in Section II, our model
can incorporate relay positions by appropriate scaling of the
average transmit SNRs, as given in (25). To enable comparison
of the three transmission schemes for different relay positions,
we fix the distance between source A and B, denoted by d,
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Fig. 6. Sum-BER of the two, three and four time slot schemes with d = 1,
Y =494 dB,d =3 and 0% = 0% = 1.

such that d = ds + dg, where d4 is the distance between
source A and the relay, and dp is the distance between source
B and the relay.

Fig. 6 shows a plot of the sum-BER of the three transmis-
sion schemes for different values of d 4, with 4. = 44. The
analytical curves for the three transmission schemes are from
(37). For the three time slot PNC scheme, we choose the power
allocation numbers such that the instantaneous sum-BER is
minimized for the ‘3TS - Monte Carlo, Instantaneous’ curves,
the maximum sum-rate is maximized for the *3TS - Monte
Carlo, Max. Sum-Rate’ curves and the sum-BER in (37) is
minimized for the ‘3TS - Analytical’ curves. For the case when
~4 = 20 dB and 45 = 30 dB, we see that the two time PNC
transmission scheme performs best for low source A to relay
distances d4, but worst for most other distances. For other
distances, we see that the *3TS - Monte Carlo, Instantaneous’
scheme has the best performance. For the case when 74 =5
dB and 4p = 10 dB, we observe again that the two time slot
PNC scheme performs best only for low source A to relay
distances. We also see that the crossover point of the two and
four time slot schemes is higher in this scenario, than in the
case when 74 = 20 dB and 45 = 30 dB. As discussed in
Section III-C2, this is due to the fact that for large ratios Z—j
the four time slot scheme performs better, while for small
ratios, the two time slot scheme performs better. Again, we
see that the three time slot PNC scheme performs better than
the four time slot transmission scheme for most distances.

Figs. 7 and 8 show a plot of the maximum sum-rate of the
three transmission schemes for different values of d4, with
Y4 = 5, yp = 10 and y4 = 20, yp = 30 respectively.
The analytical upper bound curves are from (47), which we
see closely match the Monte Carlo simulated curves. For the
three time slot PNC scheme, we choose the power allocation
numbers such that the instantaneous maximum sum-rate is
maximized for the Monte Carlo curves, the sum-BER is
minimized for the ‘3TS - Monte Carlo, Sum-BER’ curves and
the maximum sum-rate in (47) is maximized for the analytical
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Fig. 7. Maximum sum-rate of the two, three and four time slot schemes with
¥ =5,94 =545 =10,d =1,6 = 3 and 04 = 0% = 1. The solid
lines show the Analytical curves and the circles show Monte Carlo simulated
curves.

curves. For the two, three and four time slot transmission
schemes, we see that the optimal relay position occurs when
dg < 0.2. We also see that the two time slot PNC scheme
performs best for all distances, except at high d 4. Further, we
observe a d4 crossover point between the two and three time
slot PNC schemes, such that the two time slot performs better
than the three time slot PNC scheme below the d4 crossover
point, and better above it. We see that the three time slot PNC
scheme performs the best in Fig. 7 when 0.65 < d4 < 1, and
in Fig. 8 when 0.6 < d4 < 1. Since the source powers in
Fig. 8 are larger than the source powers in Fig. 7, we see that
the value of the d4 crossover point decreases for increasing
source powers, and thus increasing the source powers results
in the three time slot PNC scheme performing the best for
more relay positions. This can be explained by first noting
that in Figs. 7 and 8, the power at source B is greater than
the power at source A. As such, when 0.5 < d4 < 1, the
power received at the relay from source B can be significantly
greater than the power received from source A. In such a
scenario, the impact of power allocation can be significant,
and as demonstrated in Figs. 7 and 8, results in the three time
slot PNC scheme performing the best, particularly in Fig. 8
where there is relatively more power received from source B
than source A.

We have shown in this section that the two time slot PNC
scheme performs better than the four time slot transmission
scheme in terms of maximum sum-rate for all system parame-
ters used. Furthermore, for most practical scenarios, including
moderate to high SNRs, and/or moderate to large source A
to relay distances, the four time slot transmission scheme
performs better than the two time slot PNC scheme in terms of
sum-BER. Moreover, we see that for certain source power and
relay positions, the three time slot PNC scheme can perform
better than both the two and four time slot transmission
scheme. In addition, the three time slot PNC scheme has
a sum-BER and maximum sum-rate which lies between, or
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performs better than, the two and four time slot transmission
scheme, and as such offers a good compromise for the two
and four time slot transmission schemes.

V. OPPORTUNISTIC RELAY SELECTION FOR
MULTI-RELAY TWO-WAY NETWORKS

We now consider a system where there are K relay nodes.
We consider opportunistically selecting one out of the K
relays, which is used to aid communication between the two
source nodes. In particular, the relay node is chosen such that
either the sum-BER is minimized or the maximum sum-rate
is maximized. In general, finding an exact expression for the
maximum sum-rate and sum-BER is difficult. Hence we focus
on deriving results for specific cases. Furthermore, analytical
performance measures of the three time slot PNC scheme does
not seem tractable. Hence we investigate its performance by
Monte Carlo simulations in the next section.

A. Sum-Bit Error Rate

In this subsection, the relay node is chosen such that the
sum-BER is minimized. We define the sum-BER for the 7
time slot transmission scheme as Pg“T“}té

Lemma 6: At high SNR with K relays, the sum-BER for
the two, three and four time slot transmission schemes are
defined by substituting (26), (27) and (28) respectively into

al' (K + 1) (GA,TTS + ¢A,TTS>K
2/mbK Ba,rTS

n <HB,TTS + ¢B,rTS ) K

BB,TTS

multi,co __
Pb,TTS

(49)

Proof: The proof follows by deriving a similar proof to

Lemma 4, and by using standard results from order statistics.

|

Note that for the three transmission schemes, for a fixed 7,
it can be shown in (49) that the diversity order is K.

Corollary 4: For equal noise variances, ie. 0% = 0%, and
at high SNR, the difference between the sum-BER of the two
time slot PNC and the four time slot opportunistic transmission
scheme is given by

ag
4b2 10g§+1 (Mg)

_ _ _ K _ _ _ K
N <%’3+vj‘4+v%> (vff+v%+ 5‘4)
7y Y7

_ _ K _ _ K
- as <%13+27b}3) N <%13+2721>
by logE (M) 707 7Y

(50)

o0 o0 —
Pyors — Pgurs =

where 70 =70 4 =70 .

Corollary 4 allows us to obtain key insights into the
relative performance of the two and four time slot transmission
schemes in various practical scenarios. To explore this further,
we present the following example.

Example: To maintain the same spectral efficiency, we
consider the use of 4-QAM modulation for the two time slot
PNC scheme and 16-QAM for the four time slot transmission
scheme. This corresponds to as = 2,by = %, My = 4
and a4 = 3, by = %,M4 = 16 for 4-QAM and 16-
QAM respectively. Furthermore, we consider the case when
b = Ry’jl = ’_y]bg = 27P, which is representative of practical
scenarios where the relay has less power than the two source
nodes. Substituting these parameters into (50), we have

- - 5\ 15
Ps,zTS - Ps,4TS = (ﬁ) (1 - m) :

We see in (51) that a sufficient condition that Pg% g — Pg%rs
is positive is when K > 2. Thus the four time slot transmission
scheme always performs better than the two time slot PNC
scheme at high SNR for the modulation schemes employed
when K > 2.

(51

B. Maximum Sum-Rate

In this subsection, we consider an opportunistic relay se-
lection scheme where the relay node is chosen such that the
maximum sum-rate is maximized. We denote the maximum
sum-rate for the 7 time slot transmission scheme as R‘T“%éti.

Obtaining general closed form expressions for the max-
imum sum-rate is difficult, due to the dependence of the
output SNRs at source A and B. We hence focus on deriving
the maximum sum-rate for a large number of relays, when
Py = Pg and 0% = 0%, given by the following lemma

Lemma 7: For sufficiently large K and when P4 = Pp and
0% = 0%, the maximum sum-rate is obtained by substituting

(26) and (28) into

multi __ 1 ﬁTTS
Rl = 7 (los, ((M T m>) )
+ O (log, Inln(K)) (52)

where 8,13 = Ba,r1s = BB,rTSs OrTS = PA,rTS = OB, TS
and 0,715 = 04 r1s = 0B r15.
Proof: See Appendix C. [ |
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Fig. 9. Sum-BER of the two, three and four time slot opportunistic relay

scheme with ¥4 = 4 = 10 dB, and ¥ = 20 dB.

Corollary 5: At high SNR and sufficiently large K, the
difference between the maximum sum-rate of the two and four
time slot transmission schemes is given by

2 —
)

(\/§+

- 1
(1+/%+1)
where 7 = s = ot

Proof: The proof follows by substituting (26) and (28)
into (52) for the two and four time slot transmission scheme
respectively, and taking the difference. [ |

From (53), we see that if v >> #,., the maximum sum-rate
of the two time slot PNC scheme is greater than the four time
slot transmission scheme if 7, > 8.

~2\|$‘

Rmulti _ Rmulti . l

2TS ATS T 7 log, (53)

Py _ Pp

C. Opportunistic Relay Selection

Fig. 9 shows a plot of the sum-BER vs. the number of
relays for two, three and four time slot transmission schemes.
We see a significant decrease in the sum-BER as more relays
are allowed to be opportunistically chosen. We also see that
the four time slot transmission scheme performs significantly
better than the two time slot PNC scheme, as predicted by our
analytical results. Furthermore, as with the maximum sum-
rate, the performance of the three time slot PNC scheme lies
between the two and four time slot transmission scheme.

Fig. 10 shows a plot of the maximum sum-rate vs. the num-
ber of relays for the two, three and four time slot transmission
schemes. We see a significant increase in the maximum sum-
rate as more relays are allowed to be opportunistically chosen.
We also see that the two time slot PNC scheme performs sig-
nificantly better than the four time slot transmission scheme,
as predicted by our analytical results. Furthermore, we see
that the performance of the three time slot PNC scheme lies
between the two and four time slot transmission scheme. Note
that although the three time slot scheme seems to only perform
marginally better than the two time slot scheme, the relative

3.5

25F [0} b

Maximum Sum-Rate (bits/sec/Hz)

— © — Two Time Slot - Monte Carlo Simulation
—+&— Three Time Slot - Monte Carlo Simulation
—— Four Time Slot — Monte Carlo Simulation

I I I

0 10 20 30 40 50
Number of Relays, K

Fig. 10. Maximum sum-rate of the two, three and four time slot opportunistic
relay scheme with ¥4 = 4, = 10 dB, and yp = 20 dB.

performance would be greater for different source and relay
power combinations.

VI. CONCLUSION

In this paper, we first considered a two-way relay network
where two source nodes communicate to each other through
a relay node using an AF protocol. We considered commu-
nication over either two, three or four time slots. Through
analytical and numerical analysis, we have shown that the two
and four time slot transmission schemes may outperform the
other, depending on different practical scenarios, and whether
the performance metric is the maximum sum-rate or sum-
BER. In particular, we have shown that at high SNR, the
two time slot PNC scheme performs worse than the four time
slot transmission scheme in terms of sum-BER for sufficiently
different source powers, while the two time slot PNC scheme
performs better than the four time slot transmission scheme in
terms of maximum sum-rate. We considered the three time slot
PNC scheme, which we showed achieves a performance which
either lies between, or exceeds, the performance of the two and
four time slot transmission scheme, and thus offers a good
compromise. Finally, we considered an opportunistic relaying
scheme with K relays, and showed that the use of additional
relays can significantly increase system performance, and
offers a diversity order K times the diversity order when only
one relay is used.

APPENDIX
A. Proof of Theorem 1

In order to derive performance measures for the three
transmission schemes, it is convenient to first express the
received SNR in a general form as

v BarrsXY
04r1sY 4+ ¢4 715X +(

where X and Y are exponentially distributed random vari-
ables, 84 r1s, 04,r1s and ¢4 r1s are constants related to the

(54)
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transmit SNR at the source and relay nodes. A general form
outage probability expression can thus be written as

Pr < /BA,TTSXY < Z)
0a-1sY + darrsX + ¢

z2(0a,rTsY +(
=Pr (X < ( ) y>ZPA TS +1 o4 7s
BarrsY — 2¢a,rTs 25, s Fa oTs
_ 204, rTsYHQ)
=1—¢ ParrsY=2%a-151 s (55)
Yy>—-2 o2
= BA,rTS

where 1y>x = 1if ¥ > X and 0 otherwise. Integrating out
Y, we have

o] -~ 2(04 rTsY+<)
F(z)=1-— e ParTsv—20a,rTs 7 Y(
7( ) ZPA,7TS Y
BA,rTS
wtzp 5
1 0o (oarrs(TH AR )t whiearrs
=1—-— e w e FParts duw
Baqrrs Jo
_z¢A,r1Ts 294,778
e PATS ¢ PArTS 00 7Z(ZQA,TTquA,rTSJFBA,rTSC)
=1- / e BA,rTSW
Ba,rTs 0

- w
x e Parrsduw .

(56)

The result follows by solving the integral using identities in
[24].

B. Proof of Lemma 1
A general form for the received SNR using the CA-AF gain
is given by

BarrsXY Ba,rTs

= = W
O0ar1sY + dar1s X OarTsPA TS

(57)

To proceed, we note that W is the received SNR of a two
hop network using the CA-AF gain, with transmit SNR at the
source and relay given by 04 r1s and ¢4 r7s. Now at high
04,1s and ¢4 15, we note that W can be closely approxi-
mated by Winin = min (QA,TTSK ¢A7TTSX)' Since QA,TTSY
and ¢4 -7sX are both exponential distributed random vari-
ables with parameters 04 .1s and ¢4 r1s respectively, the
c.d.f. of Wiy, is given by

FWmin (’LU) =1- eiw(gAj'TS +¢A,1TTS)

(58)
and thus by using (57) and (58), we have
B Z(GA,TTS+¢A,TTS)
Fz(2) < Fz.(2)=1-e¢ Pa,rrs (59)
C. Proof of Lemma 7
We first give the following lemma:
Lemma 8: For sufficiently large K,
multi P K
i 1+ 475 (7)) @

Proof: The proof follows by applying a general result
from order statistics [25] to R,7s, and performing some
simple algebraic manipulation. [ |

Lemma 8 implies that for large K, we need only consider
the outage probability in (29) in the high ~;, regime. By
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using the asymptotic expansion for K (-) in [19], the outage
probability at high ¢y, is given by

TYeh\/ 04, rTSPA,+TS

/BA,TTS
_ vth (/A TS5 +/P4 r18)°

BA,rTS

FX(yin) =1~

X e (61)

The result now follows by using the approach to find F~1(-) in
[20], and substituting the resultant expression in (60), followed
by some algebraic manipulations.
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